basic idea
We are interested in calculating areas under curves
1. Wedivide the interval @ < x < b into pieces (equal length)

(a{c”iws FM” &iamef}/’taxs: 2. We build a rectangle on each piece, where the top touches the curve

3. We calculate the total area of the rectangles

The/ m/,te/g Y‘aa We watch what happens as we make the division of the "strips" finer and finer. ..
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Riemann sum |
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o The sum of the area of all rectangles on the interval is

y f@) =x
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1 ) k n 1 « what happens to this expression when n — co?
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1 < n+1 « 50 as we get finer division of rectangles, the sum is approaching the exact area which is D)
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Riemann sum area under the curve

exercise 1
Work out the area bounded by f(x) = x?, the limits x = Oand x = 1 and the x-axis (see figure).

y

we could do this for all functions, but there is a faster way...

« Let's call the curve we want to find the area under y = £(¢)
« Letthe area be a function of x and denote it A(x)
o If we know A(x) then we know the are thatis A(b) — A(a)

« I'say A'(x) = f(x), do you believe me? Let's take a look...




area under the curve

« The difference A(x + h) — A(x) is the area between x and x + A
« The area is rectangular (if 72 is small) with height f(x) and base /2 so area is ~ f(x) - &
A+ h) — A)
Ax+h) -AX) = fix) h = —— = f(x)

h
wﬁf(x)ash_,o

By the definition of the derivative, we have A’(x) = f(x)
and A(x) as the antiderivative of f(x)

note: if A(x) is an antiderivative f(x) then A(x) + C forany constant C
is also an antiderivative of f{x)

definite and indefinite integral &

> &,
The indefinite integral of f(x) with respect to x, written as j )

The definite integral of f(x) between limits @ and b with respect to x, written as

J f@dx=Fx)+c  F(x) =fx)

b
j f)dx = F(b) — F(a)

where f(x) is called the integrand

The Fundamental Theorem of Calculus shows that differentiation and integration are
inverse processes in two parts based on indefinite and definite integrals
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definite and indefinite integral

Definite integral
4

4
Jx3—16xdx:F(x)+C:xZ—8x2+C J x> — 16xdx = — 64
0

Indefinite integral

e what function did we differentiate to get f(x)? o evaluate integral of f(x) with limits @ and b:

— 'backwards' differentiation evaluate antiderivative at upper limit F(b)

® results in an antiderivative minus lower limit F'(a)

— always add +C o will resultin a number

definite and indefinite integral
example
Consider f(f) = #*and let's calculate the area under y = > between O and 1.

X . .
indefinite y
The area up to x is represented by A(x) = J 12dt ] integral
0

1
WeknowA'(x) = x? = A(x) = §x3

d 1
This holds for any constant C: — [ — + C | = x2
dx \ 3x3

0 X 1

0
WhatisourC?A(O)=< +C>=J Pdt=0 = C=0
3007 .
1 1
Further we have A(1) = §x3 = J' 2dr = A(1) — A(0) where A'(x) = x>
0

definite iutegral
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the fundamental theorem of caleulus, part 1

Part 1 is based on indefinite integrals

If f(x) is continuous on an interval, and we define a function:

F) = ] fw,
then F'(x) = f(x). ‘

« The derivative of the indefinite integral recovers the original function

« Working with indefinite integrals:
» The answer should be a function + a constant of integration C
» This expression represents all the possible antiderivatives of f(x)

the fundamental theorem of caleulus, part 2

Part 2 is based on definite integrals

If F(x) is an antiderivative of a continuous function f(x),i.e., F’'(x) = f(x), then:

b
J f&)dx = F(b) — F(a)

« This part uses definite integrals as the primary object and computes them via indefinite integrals

« Working with definite integrals:
» Find the antiderivative F'(x) of f(x)

» We don't have to worry about the constant C here since it cancels out on the RHS

» The results can be pout in square brackets: J fx)dx = [F(x)]Z = F(b) — F(a)

» Your answer is a number

a
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examplc

Consider the function f(x) = X3 find the integral over the interval [—1,1]
1

1. Write the integral J x3dx
-1
o
2. Find the antiderivative [x3 dx = T +C

3. Apply fundamental theorem of calculus

1
Jl Bdx = lx:] = r x3dx=ﬂ—(_l)4 —
—1 4 -1

-1

4 4
Why Is the integral zero?

The function x? is odd, meaning f(—x) = — f(x). Forany odd function integrated over a symmetric interval
[—a, a] the integral is always zero because the positive and negative contributions cancel out

area under the curve and the value of the definite integral are not always the same

some antiderivatives

function f(x)

antiderivative [ fx)dx

/f(x)dxzax-‘rC

az(+1)

n+1 +C

[ 1@ az =

/f(z) dz=aln|z|+C

/f(a:) dz = %aekl +C

f(z) = acos(kz)

f(z) = asin(kz)
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rules of bounds

1. Reversing the bounds

b a
J fx)dx = — J fx)dx
a b

a
2. Zero-width interval J' fx)dx =0
a

3. Additivity over intervals

b c b
J fx)dx = J fx)dx + J f(x)dx foranyc € [a, b]

a

rules of ditferentiation
| integration

BZEN

sumrule

substitution

integration by parts

Remember the machine we built for differentiation?
We can use their reverse applications for integration...
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the exponent rule

The exponent rule for integration states that forany realn # — 1,
xn+1
Jx”dx = +C
n+1

and for the special case whenn = — 1, then

Jx_ldx=1n|x| +C.

cxamplc o
Jx3 dx = I +C

(we added 1 to the exponent and divided by the new exponent)

the sum rule

As with differentiation, we also have a sum rule for integration, that is

J(f(x) +g(x)) dx = | fxydx + Jg(x)dx

“the antiderivative of a sum is the sum of the antiderivatives"

we also have that JKf(x)dx = K | f(x)dx where K is a constant
example “
J(3x4 +2x 4+ 5)dx = J3x4 + JZxdx + Jde

= 3Jx4+ 2dex+ Sde

3 2 —~
5 3 . L .
=—x>+—x"+5x HC) (becauseintegral is indefinite)
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the exponent and sum rule

exercise 2
Find the indefinite integral J(x2 — D(x* 4 2)dx

exercise 3

4
Find the indefinite integral J

1
dx

supstitution

Substitution is a method to simplify integration by changing variables. For an integral of the form:
Jf(g(X))g’(x) dx

you substitute u = g(x),s0 du = g’(x)dx.This transforms the integral into:

Jf(g(X))g’(x) dx = [f(u) du

Another way to see it:

b 8(b)
J f(gw)) g'(u) du =J flx)dx

g(a)
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substitution: step by step [[ nsnstma-

1. Prepare substitution:
= find substitute term u (should not be a constant)
= solve for x
= differentiate g(1)
= replace integration variable
2. Substitution

A Warning: by now the integral should be solely in terms of u.
If there are still terms containing x at this stage, stop and consider another choice of u.

3. Integration (don't forget +C if you are working with indefinite integrals)
4. 'Substitute backwards’ (this step only if indefinite integrals)

substitution [ ferewan=|

8
example
Compute the indefinite integral of f(x) = e3*.

1. Preparation:

= find substitute term u ( ‘inner function') = u = 3x

1
= solveforx = x =§ = gu) = gu

1
= differentiate g(u) = g'(u) = 3

1
= replace integration variable => dx = g'(u)du = Edu
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b g(b)
J Sflgw)) g'(u) du = J

8(a)

supstitution

example
Compute the indefinite integral of f(x) = e3*.

1
2. Substitution: eXdxwithu = 3x anddx = gdu

1 1
== Je” -—du = —Je“du A
3 3
3. Integration
1
Fu) = ge“ +C
4. 'Substitute’ backwards

1
= F(x) = 563" +C

Sfx)dx

integration by parts

Suppose we have two function f(x) and g(x) which we write shortly as fand g.
Then the product rule states

d
U =re+fg
X
Rearranging gives

d
fg'= %(fg) -fg

Integrating both sides w.r.t. x gives

d
Jfg dx = JMU@ - Jfgdx

~fe - | res
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integration by parts

We write the rule for integration by parts as
dg(x) dg(x)
Jf(x) "~ dx = f)g() - Jg(x) ~
e D—
bovudary iutegral
term term

Another way to see it:
Jf(X) g dx = flx)g(x) - Jf’(X) g(x)dx

plugging into the above equation (hopefully) leads to an easier integration

» » Sx) g'x) dx = flx)g(x) — | f(x) g(x) dx
integration by parts: step by step Jrastas s o

1. Choose f(x)and g’(x)

2. Find f(x) = f'(x)and g'(x) = g(x)

3. Plug your functions into the integration by parts formula

4. Simplify and solve
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Jf (%) g'(x) dx = f(x)g(x) — [f” (x) g(x) dx

integration by parts: step oy step
example
Evaluate the indefinite integral | x3 In(x)dx.
1. Choose f(x)and g’(x)
f(x) = In(x) and g'(x) = x>
2. Find f(x) = f'(x)and g’'(x) = g(x)

Jf(X) g'(x) dx = fx)g(x) - Jf’(X) g(x)dx

integratich by parts: step py step
example

Evaluate the indefinite integral | x3 In(x)dx.

4. Simplify and solve

4 4
5 TN (2l B Y i
Jx In(x) dx = In(x) <4> Jx <4>dx

4
1 x4 len(x)_lJ‘ ;
f) = ;andg(x) =7 1 7 |¥idx
3. Plug your functions into the integration by parts formula = xt 1:(x) _% . %4 +C
4 4
Jf(x)g’(x) dx = f()g(x) - Jf(x) g dv=Tn() - ( = ) - ji =) ax _ @
4 x \ 4 T4 16
*
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when to use which method?
Integration by substitution
e ‘chain rule’ of integration
o there is an ‘outer function’, containing an ‘inner function’
e the ‘inner function’ can be differentiated easily
rule of thumo: try substitution first!
Integration by parts
e ‘product rule’ of integration
e two functions are multiplied with each other
* one function is an 'easy’ derivative

* the other can be differentiated )
practice makes perfect
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