troduction to Provability
Lecture 7

Termeh Shafie

probaovilities are rarely intuitive
exanple 1: Monty Hall
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probaovilities are rarely intuitive

example 2: happy birthday you two! =
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what is probability?

Frequentist interpretation of the probability

« probability as the long-run fraction of time that it would happen if the random process occurs over and
over again under the same conditions

* many interesting random phenomena cannot be repeated over and over again, e.g., weather

Bayesian interpretation of the probability
« probability as a subjective degree of belief: for the same event, two separate people could have
different viewpoints and therefore assign different probabilities

"Probability is orderly opinion... inference from data is nothing other than the

revision of such opinion in the light of relevant new information.”
-Thomas Bayes (1701-1761

both interpretations agree on the probability rules introduced!




terminclogy for probability theory

* experiment
process of observation or measurement

* outcome
result obtained through an experiments

* sample space
set of all possible outcomes of an experiment
> finite
> infinite
* events
a subset of a sample space (what we are interested in)

terminclogy for probability theory

example -
Flip a coin 3 times and record the side facing up each times ~ \=—

Sample space © = {HHH, HHT, HTH, HTT, THH, THT, TTH, TTT} ="

Events:
{all heads} = {HHH}
{get exactly one heads} = {HTT, THT, TTH}
{get at least two heads} = {HHT, HTH, THH, HHH}

exercise 1
Roll two dice, each with numbers 1-6.
Describe the event of rolling a total of 7 with the two dice. 0

e

the algeora of events

« Often we are interested in combinations of two or more events
« Events are sets (i.e. subsets of the sample space Q) so we can do the usual set operations
* Assume sample space with two events A and B
» complement A (also denoted A or A”)
all elements of S that are notin A
» subsetA C B
all elements of A are also elements of B
» unionAUB
all elements of Q thatarein A or B
» intersectionA N B
all elements of Q thatarein A and B

* These operations can be represented graphically using Venn diagrams

vehn diagrams
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union and intersection: cperator rules
Let E|, E,, E5 denote events in Q

+ Commutative
El U E2 = E2 U El

* Associative

the complement

MECE = mutually exclusive and collectively exhaustive events

(E,NnE)NE;=E Nn(E,NE;) E,UE,=E NnE, ENE,=E/UE,
* Distributive E,
(EyUE)NE;=(E,NE)U(E,NE;) E,
(E,NE)UE; = (E,UE;) N (E,UE;) p
E; 1
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axioms of provability further properties
1. The probability of an event is a nonnegative real number P(A) > 0 forany A C Q e P(@)=0

2. P(Q) = 1(also denoted P(S) = 1)

3. IfA;, Ay, As, ...is a sequence of mutually exclusive events of Q, then:

Proof:

1 = P(Q) + P(Q°)

l=1+P@) = P@)=0

Also evident from set theory:

QUIZ=Q = P(Q)+P(@)=PQ) = P)=0

e ifA C Bthen P(A) < P(B)

Proof:
B=AU(BNA) e
= P(B) = P(A)+ P(BNA) > P(A)
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further properties

e PAUA) = PA)+PA) =1 = P@A) =1- P(A)

(this is also referred to as the complement rule coming up shortly...)

e 0 <P(A) < 1lforanyevent A

Directly follows from axiom (1) and (2).
Also directly evident from set theory:
@ CACQforanyeventA = P(@) < PA)<PQ) = 0<AL1

probability of an event

If A'is an eventin a discrete sample space A and Oy, O,, O;, ... are the individual outcomes
comprising A, then P(A) = P(O,) + P(O,) + P(O3) + ...

example
We flip a fair coin twice. What's the probability of obtaining at least one head?

The sample space S = {HH,HT, TH, TT}
1
As the coin is fair, all outcomes are equally likely: P(HH) = P(HT) = P(TH) = P(TT) = 7

The event of obtaining at least one head isA = {HH, HT, TH}
1 1 1 3
— P(A) = P(HH) + P(HT) + P(TH) =Z+Z+Z =Z
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probability of an event

exercise 2
Roll two dice, each with numbers 1-6. Let X denote the first roll and Y the second roll.

(a) Find the probability P(X = 1)

(b) LetZ = min(X, Y) and find the probability P(Z = 6) 6

(c) LetZ = min(X, Y) and find the probability P(Z = 3) 5

equally likely cutcomes

If an experiment can resultin NV equally likely outcomes, and if 2 of these outcomes

n
constitute an event A, then P(A) = ~

This theorem is consistent with the frequency interpretation of probability theory:
probability of an event is the proportion of the time events of the same kind occur in the long run.

exercise 3
Assume all letters occur equally often in English. Then what's the probability of a three-letter word only

consisting of vowels?
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probability rules

The Addition Rule

If A and B are events in the sample space €2, then
P(AUuB)=PA)+ P(B)—P(ANnB)

Proof:
leta = P(ANB),b=PANB),c=PBNA)

B
PAUB)=a+b+c A Q

P(A)+ P(B)—PANB)=[a+b]l+[b+cl—-b=a+b+c

probability rules .

Inclusion-Exclusion Rule
Forthree eventsA, B, C

PAAUBUC)=PA)+PANB)+PANBNC)

P(AUBUC)=PA)+P(B)+ P(C)
—P(ANnB)—PANC)—-PBUCQC)
+PAANBNC)

For any number of finite events events A}, A,, ..., A

s 4dps

—1 k=1 1<iy<iy<-+-<iy<n
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provability rules

Conditional Probability Rule

If A and B are events in the sample space €2, then the conditional probability of A given B
where P(B) > O is given by
P(ANnB)

P(A|B) = 5)

—> The Multiplication Rule Independent Events and Their Complement

Two events A and B are independent if and only if

P(ANB) = P(A|B)P(B) P(A N B) = P(A)P(B)

sineANB=BnA Two events A and B are independent then A and B
= P(ANnB)=PB)PA|B) are also independent.

prooability rules

Complement Rule

If A be an event in the sample space , then the probability of its complement is given by
P(A)=1-P(A)

exercise 4
What is the probability of at least one head (H) in four tosses of a coin?
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probability rules
Rule of Total Probability

If{A,A,, ..., A;} are mutually exclusive and collectively exhaustive (a partition of €2),
and P(A;) # 0 Vi, then

k
P(B) = ) P(A)P(B|A))
i=1
Proof: P(B)=P(BN(A;UA,U - UA)))

=P(BNA)UBNAYU---U(BNA))
: : A
k {events collectively exhaustive} 2 A,
=Y PBNA) =
i=1 {mutually exclusive}
k A Ay
= ) P(A)PB|A) =

pary so this rule only applies to MECE events!

probability rules

Bayes Rule

Ifthe events A, A,, ..., A form a mutually exclusive and collectively exhaustive partition of
the sample space€2, and if P(A;) # Oforall i, then for any event B withP(B) # O:

P(A,|B) = P(A)P(B|A)
P(A))P(B|Ay) + P(A)P(B|Ay) + -+ + P(A)P(B| Ay
_ P(A)P(B|A)
ZJI'(:I P(Aj | B)P(Aj) {rule of total probability}
= w prior of A, x likelihood of B given A,

P(B) P B = total probability of B

This theorem is consistent with the Bayesian interpretation of probability theory

21

22

provability rules

exercise 5

In an experiment on human memory, participants have to memorize a set of words (B,), numbers (B,), and
pictures (Bs). These occur in the experiment with the probabilities P(B,) = 0.5, P(B,) = 0.4, P(B;) = 0.1.

Then participants have to recall the items (where A is the recall event). The results show that
P(A|B)) =04, P(A|By) =02, P(A|B;) = 0.1.

(a) Compute P(A), the probability of recalling an item.

(b) Whatis the probability that an item that is correctly recalled (A) is a picture (Bs)?

counting sutcomes

A permutation of items is an arrangement of the items in a certain order, where each item can
be used only once in the sequence: n! = n(n — 1)(n — 2)---(2)(1)

A permutation of 7 items taken & at of time is the number of ways to select k items from n
distinct items and arranging them in order:

P, k) =

|
n use when you re asked to arrange

i £
(n—-k! k things out of n

A combination of 72 items taken & at of time any selection of k items from n elements where

order is notimportant:
ny n!
k) kKl(n—k)!

use when you re asked to select
k things out of n
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counting sutcomes

example

odds and log odds

odds are the ratio of something happening to something not happening

1
Ina group of six men and four women, | select a committee of three at random. What is the probability that all GG E the odds of my team winningis 1to4: — = L: 0.25
three committee numbers are women? 4 SOO®
- o 5 Q000 _
The number of ways to select a three-women committee from four women: o3 SOOHOOOEE  theoddsof myteamwinningis5t03: — = ————= 1.7
3) 7 314 -3)! 3 LOD
The number of ways to select a three-person committee from the 10 people (the total number of outcomes): the probability is the ratio of something happening to everything that could happen
10) 10! @ 1
=—— =120
(3 10!(10 — 3)! —— =—=0.20
POOOD 5
Probability of all female committee: i =—=0.03
30 0008 5 _
LOLOSRHSS 8
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odds and log odds odds and log odds
the probability is the ratio of something happening to everything that could happen why log odds?
@G
the probability of winning: peeee = i = 0.625
ORODOODD 8
the probability of losing: LA = 3 =1- i =0.375
OOOOOODD 8 8
the ratio of probability of winning  _ _ P _3/8 5 @@OS@ odds of losing odds of winning
to the probability of losing (1-p) 3/8 3 DG N ) ) ) ) - ;o

the ratio of probabilities are the same as the ratio of the raw counts
resulting in the same odds

0 1 2 3 4 5 6 7
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odds and log odds

why log odds?

example: odds against 1/6=0.17 but odds in favor 6/1=6

taking the log of the odds makes everything symmetrical

odds and log odds

why log odds?

example: log odds against log(0.17)=-1.79 but log odds in favor log(6)=1.79

taking the log of the odds makes everything symmetrical
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odds and log odds odds and log odds and probability

why log odds?

Probability 0Odds Log Odds
p p/(1-p) loglp/(1-p)]
0.1 0.1111 -2.1972

0.5 1 0

0.9 9 2.1972

e S e/ A T
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