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1. Choose k random points as cluster centers 

2. For each data point, assign it the cluster 
whose centroid is the closest 

3. Using these assignments, recalculate the 
centers 

4. Reiterate from step (2) until convergence: 
• cluster membership does not change 
• center only changes very very little

K-Means
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K-Means
C1 ∪ C2 ∪ … ∪ CK = {1,…, n}

Ck ∩ Ck′￼
= ∅ for all k ≠ k′￼

min
C1,…,CK {

K

∑
k=1

W(Ck)}
within cluster variance

squared Euclidean distance

where W(Ck) =
1

|Ck | ∑
i,i′￼∈Ck

p

∑
j=1

(xij − xi′￼j)2
= x2 + y2
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K-Means: Algorithm Data Step 1 Iteration 1, Step 2a

Iteration 1, Step 2b Iteration 2, Step 2a Final Results
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1. Choose k random points as cluster centers 

2. For each data point, assign it the cluster whose 
centroid is the closest 

3. Using these assignments, recalculate the 
centers 

4. Reiterate from step (2) until convergence: 

• cluster membership does not change 
• center only changes very very little
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How to decide on K

• Start with K=1: compute total variation 

• Then K=2: compute total variation 

• Then K=3: compute total variation

⋮
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How to decide on K

• Start with K=1: compute total variation 

• Then K=2: compute total variation 

• Then K=3: compute total variation

⋮

the reduction in total variation will get less and less as you increase K
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How to decide on KHow to decide on K
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Cluster Assignments: Distortion

J =
N

∑
n=1

K

∑
k=1

rnk∥xn − μk∥2 Goal: choose  and  that minimizes rnk μk J

metric that assesses the performance of K-means (smaller values better)

rnk = {1 if k = arg minj ∥xn − μj∥2

0 otherwise

dJ
dμk

= 2
N

∑
n=1

rnk(xn − μk) = 0 ⟹ μk =
∑n rnkxn

∑n rnk
=

1
Nk ∑

n

rnkxn

actual data point n

center of cluster k

optimal value for  minimizing our loss is 
the mean of all data points in that cluster

μk

hard assignments!
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rnkxn

actual data point n

center of cluster k

optimal value for  minimizing our loss is 
the mean of all data points in that cluster

μk

hard assignments!

1. choose k random points as cluster centers 

2. for each data point, assign it the cluster whose 
centroid is the closest 

3. using these assignments, recalculate the centers 
4. reiterate from step (2) until convergence: 
• cluster membership does not change 
•center only changes very very little

Cluster Assignments: Distortion
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Evaluate Clustering: Silhouette Score
Cohesion: data points are similar within cluster 

Separation: how far apart clusters are from other clusters 

 

 average distance between data points and other members of its own cluster 

 average distance between a data point and the members of the next closest cluster

s(i) =
b(i) − a(i)

max{a(i), b(i)}

a(i) :
b(i) :
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[source]

Application
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https://link.springer.com/article/10.1007/s11042-022-12518-7


Hierarchical Agglomerative Clustering 
(HAC)
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HAC
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HAC
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HAC
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HAC
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HAC
• distance metric 
• linkage criteria
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Distance Metrics: Euclidean
continuous data

= x2 + y2

29

continuous data and high dimensions 
(but also discrete or binary attributes)

Distance Metrics: Manhattan
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Distance Metrics: Hamming
Participant Q1 Q2 Q3 Q4

A 1 0 1 0

B 1 1 1 0

C 0 0 1 0

D 1 1 0 0

A B C D

A 0 1 2 2

B 1 0 2 1

C 2 2 0 3

D 2 1 3 0

binary and categorical data
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Distance Metrics: Cosine
measures the angular difference between two vectors in a multi-dimensional space
word (or other) count data

θ

 

where: 
  is the dot product of the two vectors 

  is the Euclidean norm (length) of vector x 

  is the Euclidean norm (length) of vector y 

cosine similarity(x, y) =
x ⋅ y

∥x∥ ∥y∥
= cos(θ)

x ⋅ y =
n

∑
i=1

xiyi

∥x∥ =
n

∑
i=1

x2
i

∥y∥ =
n

∑
i=1

y2
i
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Linkage Criteria
how compare different clusters?
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Linkage Criteria

the average of each clusters (“centroid”)

how compare different clusters?
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Linkage Criteria
how compare different clusters?

the closest point in each cluster (“single linkage”)
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Linkage Criteria
how compare different clusters?

the furthest point in each cluster (“complete linkage”)
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Reading a Dendrogram
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Balanced Clusters and Density
Average Linkage Complete Linkage Single Linkage
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Applications

[source] [source]
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Gaussian Mixture Models 
(GMMs)
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https://scijournals.onlinelibrary.wiley.com/doi/full/10.1002/jsfa.2392
https://ieeexplore.ieee.org/abstract/document/9074125


Normal (Gaussian) Distribution

X

A random variable  has normal distribution with 
parameters  and  if it has the following pdf: 

X
μ σ2

f(x) =
1

2πσ2
e− (x − μ)2

2σ2
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Multimodal Distribution
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GMM
K-Means 

• Hard assignment 

• All variances are the same 

• Roughly the same number of data points

GMM 

• Soft (probabilistic) assignment 

• Variances can be different 

• Explicitly models number of data points
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Recall K-Means Algorithm

J =
N

∑
n=1

K

∑
k=1

rnk∥xn − μk∥2 Goal: choose  and  that minimizes rnk μk J

metric that assesses the performance of K-means (smaller values better)

rnk = {1 if k = arg minj ∥xn − μj∥2

0 otherwise

dJ
dμk

= 2
N

∑
n=1

rnk(xn − μk) = 0 ⟹ μk =
∑n rnkxn

∑n rnk
=

1
Nk ∑

n

rnkxn

actual data point n

center of cluster k

optimal value for  minimizing our loss is 
the mean of all data points in that cluster

μk

hard assignments!

1. Choose k random points as cluster centers 

2. For each data point, assign it the cluster whose 
centroid is the closest 

3. Using these assignments, recalculate the centers 
4. Reiterate from step (2) until convergence: 
• cluster membership does not change 
•center only changes very very little
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GMM: EM Algorithm
1. Choose k random points to be cluster centers (or estimate using k-means...)  

2. For each data point, calculate the probability of belonging to each cluster  

3. Using these probability weights, recalculate the means + variances (and weights)  

4. Repeat 2 and 3 until distributions converge
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p(x) =
K

∑
k=1

wk 𝒩(x |μk, Σk)

Multimodal Distribution

probability of 
being in group k

likelihood of seeing 
 in group  x k

46

p(cluster k |x) =
wk 𝒩(x |μk, Σk)

∑K
j=1 wj 𝒩(x |μj, Σj)

p(x) =
K

∑
k=1

wk 𝒩(x |μk, Σk)

Posterior Probabilities 

prior probability of 
being in group k

likelihood of seeing 
 in group  x k

posterior probability 
of being in cluster k

47

MaximumLikelihood Estimation

p(x) =
K

∑
k=1

wk 𝒩(x |μk, Σk)

p(X |w, μ, Σ) = p(x1, x2, …, xn |w, μ, Σ) =
N

∏
n=1

K

∑
k=1

wk𝒩(xn |μk, Σk)

log p(X |w, μ, Σ) =
N

∑
n=1

log [
K

∑
k=1

wk𝒩(xn |μk, Σk)]
Goal: choose  that maximizes the log likelihoodw, μ, Σ
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GMM: EM Algorithm
1. Choose k random points to be cluster centers (or estimate using k-means...)  

2. For each data point, calculate the probability of belonging to each cluster  

3. Using these probability weights, recalculate the means + variances (and weights)  

4. Repeat 2 and 3 until distributions converge
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The E-step in EM Algorithm

rnk =
wk 𝒩(x |μk, Σk)

∑K
j=1 wj 𝒩(x |μj, Σj)

Responsibilities are the posterior 
probability of a data point being in cluster 

How likely is the cluster? 
Many/few data points there?

How well does that data fit 
with that cluster?

normalize to get a probability

Responsibility is high if the data point is likely to belong to that cluster rather than other clusters

this is soft assignment
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GMM: EM Algorithm
1. Choose k random points to be cluster centers (or estimate using k-means...)  

2. For each data point, calculate the probability of belonging to each cluster  

3. Using these probability weights, recalculate the means + variances (and weights)  

4. Repeat 2 and 3 until distributions converge
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The M-step in EM Algorithm
Via MLE we get the following estimates:

μk =
1
Nk

N

∑
n=1

rnkxn

the higher the responsibility of a data point for a cluster is, 
the more influence it has on what the mean and variance is

Σk =
1
Nk

N

∑
n=1

rnk(xn − μk)(xn − μk)T

Note:   is now based on soft assignments nowNk =
N

∑
n=1

rnk

if data points are unlikely to belong to cluster , the  small, 
if data points are likely to belong to cluster , then  large

k Nk
k Nk

wk =
Nk

N
=

1
N

N

∑
n=1

rnk
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Take Aways
• GMM does soft assignment, every data point belongs to every cluster with 

some probability  

• Data points that are more likely to be in a cluster have more influence over its 
parameters  

• GMM uses the EM algorithm to iteratively update the cluster distributions: 
‣ first assign a responsibility to each data point (E-step) 
‣ then using them to calculate weighted means and variances for each 

cluster (M-step)  

• Responsibilities measure the probability of a data point being in each cluster 
(technically the posterior probability).  

• Responsibilities contain information about how common a cluster is as well 
as the likelihood of a data point belonging to that cluster 
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Applications

[source]

[source]

[source]
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DBSCAN
Density Based Spatial Clustering of Applications with Noise
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Example Data Structures
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https://ieeexplore.ieee.org/document/7128671
https://www.sciencedirect.com/science/article/pii/S0968090X16000188#f0015
https://www.sciencedirect.com/science/article/pii/S0306261918313606?casa_token=ISbTRYcOzcYAAAAA:p2OBUhbFBenV#f0040


Where Others Fail...
HAC
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Where Others Fail...
K-Means
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Where Others Fail...
HAC
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Where Others Fail…
K-Means

K=2 K=3
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The Algorithm

61

Hyperparameters 

1. Distance metric 

2. Epsilon (eps) 

3. Minimum Points (minpts)
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Hyperparameters 

1. Distance metric 

2. Epsilon (eps) 

3. Minimum Points (minpts)
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Hyperparameters 

1. Distance metric 

2. Epsilon (eps) 

3. Minimum Points (minpts)
minimum number of points within eps 

distance of it in order to be considered dense
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The Algorithm
Core Point 
A point is a core point if it has at least 
minpts neighbors within eps distance 
of itself.
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The Algorithm

Border Point 
A point without at least minpts 
neighbors within eps distance of itself, 
but is a neighbor of a core point.

Core Point 
A point is a core point if it has at least 
minpts neighbors within eps distance 
of itself.
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The Algorithm

Noise 
A point without at least minpts 
neighbors within eps distance of itself, 
and is not a neighbor of a core point.

Border Point 
A point without at least minpts 
neighbors within eps distance of itself, 
but is a neighbor of a core point.

Core Point 
A point is a core point if it has at least 
minpts neighbors within eps distance 
of itself.

these three types of points 
will define our clusters
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The Algorithm
Directly density reachable  
Point A is directly density reachable 
from a core-point B if it is in the 
neighborhood of B. 

A
B
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The Algorithm
Density reachable  
Point A is density reachable from a 
core-point B if if there are a chain of 
points that are directly density 
reachable from B to A.

A B
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The Algorithm
Density connected  
Point B and C  are density connected 
if they are both density reachable 
from a third point A.

A
B

C
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The Algorithm

1 Find all core points.
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The Algorithm

1 Find all core points.
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The Algorithm

1

2

Find all core points.

Pick random core point, find 
other core points that are 
density reachable from it and 
assign to cluster.
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The Algorithm

1

2

Find all core points.

Pick random core point, find 
other core points that are 
density reachable from it and 
assign to cluster.

3 Add border points and 
cluster one is done.
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The Algorithm

1

2

Find all core points.

Pick random core point, find 
other core points that are 
density reachable from it and 
assign to cluster.

3 Add border points and 
cluster one is done.

4 Repeat from (2) until 
all clusters detected.
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The Algorithm

1

2

Find all core points.

Pick random core point, find 
other core points that are 
density reachable from it and 
assign to cluster.

3 Add border points and 
cluster one is done.

Repeat from (2) until 
all clusters detected.4

5 Remaining points are noise.
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Example Data Structures

79

Where DBSCAN fails...

• Less effective on high dimensional data 
• Overlapping/touching clusters  
• Clusters have different densities 
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Hyperparameter Tuning
• Domain Knowledge + Distance 

Metrics  

• More rows = larger min_pts  

• More noise = larger min_pts  

• More features = larger min_pts  

• Elbow method: plot distances 
against data points to choose eps 
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Applications

[source]

[source]
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This Week’s Practical
Clustering
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https://ieeexplore.ieee.org/document/7848290
https://emily.space/posts/210216-clustering-algorithms-gaia

